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2 RICHARD LECHNER
1. Main Results
1.1. A Brief History of Developement.
The Calulus of Variations, in partiular the theory of ompensated ompatness
has long been a soure of hard problems in harmoni analysis. One developement
started with the work of F. Murat and L. Tartar and espeially in the papers of Mu-
rat ([Tar78, Tar79, Tar83, Tar84, Tar90, Tar93℄, and [Mur78, Mur79, Mur81℄). The
deiive theorems were on Fourier multipliers of Hörmander type. For extensions
of the use of Fourier multipliers in relation to sequential weak lower semiontinuity
of integrals of the form
(u, v) 7→
∫
f(x, u(x), v(x)) dx,
and Young Measures and a full developement of the method see [FM99℄. The exten-
sions are due to S. Mueller (see [Mue99℄), who used timefrequeny loalization and
modern CalderonZygmund theory to strengthen the results obtained by Fourier
multiplier methods.
Let u ∈ Lp(Rn), with n ≥ 2 and 1 < p < ∞ xed, then the diretional Haar
projetion P (ε) : Lp(Rn) −→ Lp(Rn), is given by
P (ε)u =
∑
Q∈Q
〈u, h
(ε)
Q 〉h
(ε)
Q |Q|
−1.
For a preise denition see (4.1). In [Mue99℄ S. Mueller obtained the result
‖P (ε)u‖L2(R2) ≤ C ‖u‖
1/2
L2(R2) ‖Ri0u‖
1−1/2
L2(R2), (1.1)
where Ri0 denotes the i0th Riesz transform in R
2
, 0 6= (ε1, ε2) = ε ∈ {0, 1}2, and
εi0 = 1. The formal denition of the Riesz transform is supplied in setion 2.
This inequality was then extended by J. Lee, P. F. X. Mueller and S. Mueller
in [LMM07℄ to arbitrary 1 < p <∞ and dimensions n ≥ 2 to
‖P (ε)u‖Lp(Rn) ≤ C ‖u‖
1/min(2,p)
Lp(Rn) ‖Ri0u‖
1−1/min(2,p)
Lp(Rn) , (1.2)
where ε ∈ {0, 1}n \ {0}, εi0 = 1. Note that the behaviour of this inequality for
1 < p < 2 and 2 < p <∞ strongly varies. The most important appliation of (1.2)
appears for p = n. One an rewrite (1.2) using the notion of type T(Lp(Rn)) =
min(2, p)
‖P (ε)u‖Lp(Rn) ≤ C ‖u‖
1/T(Lp(Rn))
Lp(Rn) ‖Ri0u‖|
1−1/T(Lp(Rn))
Lp(Rn) .
The proofs of (1.1) as well as (1.2) are based on two onseutive and ad ho dened
timefrequeny loalizations of the operator P (ε), based on LittlewoodPaley and
wavelet expansions.
1.2. The Main Result.
S. Mueller asks in [Mue99℄ whether it is possible to obtain (1.1) in suh a way
that the original timefrequeny deompositions are replaed by the anonial
martingale deomposition of T. Figiel (see [Fig88℄ and [Fig91℄). This paper
provides an armative answer to this question, and thus extending the interpola-
tory estimate (1.2) to the BohnerLebesgue spae LpX(R
n), provided X satises
the UMDproperty.
Our methods are based on martingale methods, explaining the behaviour of the
exponents in the following main inequality 1.3 in terms of type and otype. The
main result of this paper reads as follows.
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Theorem (Main Result). Let 1 < p <∞, 1 ≤ i0 ≤ n and ε = (ε1, . . . , εn) ∈ {0, 1}n
suh that εi0 = 1. If X has the UMDproperty and L
p
X has nontrivial type T(L
p
X),
then there exists a onstant C, suh that for all u ∈ LpX
‖P (ε)u‖Lp
X
≤ C ‖u‖
1/T(Lp
X
)
Lp
X
‖Ri0u‖
1−1/T(Lp
X
)
Lp
X
, (1.3)
whereas the onstant C depends only on n, p, X and T(LpX).
Proof. First dene M ∈ N by
2M−1 ≤
‖Ri0‖LpX ,L
p
X
‖u‖Lp
X
‖Ri0u‖LpX
≤ 2M . (1.4)
After using deomposition (4.2), the triangle inequality, estimates (4.36), (4.14),
(4.37) and plugging in M , we obtain
‖P (ε)u‖Lp
X
≤ ‖P
(ε)
− R
−1
i0
Ri0u‖LpX +
M∑
l=0
‖PlR
−1
i0
Ri0u‖LpX +
∞∑
l=M
‖Plu‖Lp
X
. ‖Ri0u‖LpX +
M∑
l=0
2l/T(L
p
X
) ‖Ri0u‖LpX +
∞∑
l=M
2
−l(1− 1
T(L
p
X
)
)
‖u‖Lp
X
. 2M/T(L
p
X
) ‖Ri0u‖LpX + 2
−M(1− 1
T(L
p
X
)
)
‖u‖Lp
X
≤ C ‖u‖
1/T(Lp
X
)
Lp
X
‖Ri0u‖
1−1/T(Lp
X
)
Lp
X
.

The basi tools for the proof of the above theorem are vetorvalued estimates
of so alled ring domain operators, developed in setion 3. A areful examination of
T. Figiel's shift operators ating on ring domains will be ruial in those estimates.
Clearly, the main result, theorem 1.2, represents a result on interpolation of op-
erators, linking the identity map, the Riesz transforms and the diretional Haar
projetion. We would now like to give a reformulation of our main theorem whih
plaes it in the ontext of struture theorems for the so alled Kmethod of inter-
polation spaes. To this end, we rst introdue the Kfuntional, ite the relevant
struture theorem and apply it to the inequalities stated as our main result.
Dene the Kfuntional
K(f, t) = inf
{
‖g‖E0 + t ‖h‖E1 : f = g + h, g ∈ E0, h ∈ E1
}
,
for all f ∈ E0 + E1 and t > 0, and the interpolation spae
(E0, E1)θ,1 =
{
f : f ∈ E0 + E1, ‖f‖θ,1 <∞
}
,
where
‖f‖θ,1 =
∫ ∞
0
t−θK(f, t)
dt
t
.
The following proposition interprets interpolatory estimates suh as the ones
obtained in our main theorem in terms of ontinuity of the identity map between
interpolation spaes. The following proposition is a result of general interpolation
theory (see [BS88, Proposition 2.10, Chapter 5℄).
Proposition 1.1. Let (E0, E1) be a ompatible ouple and suppose 0 < θ < 1.
Then the estimate
‖f‖E ≤ C ‖f‖θ,1 (1.5)
holds for some onstant C and all f in (E0, E1)θ,1 if and only if
‖f‖E ≤ C ‖f‖
1−θ
E0
‖f‖θE1
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holds for some onstant C and for all f in E0 ∩ E1.
Now we speify how to hoose the spaes E, E0 and E1 so that the two equivalent
onditions of the above proposition math preisely the assertions of our main
theorem, see inequality (1.3).
Fix 0 6= ε ∈ {0, 1}n, let R denote one of the Riesz transform operators
Ri : L
p
X → L
p
X
dened in setion 2, where εi = 1, and abbreviate P
(ε)
by P . If we dene the
Banah spaes
E = LpX/ ker(P ), ‖u+ ker(P )‖E = ‖Pu‖LpX ,
E0 = L
p
X , ‖u‖E0 = ‖u‖LpX ,
E1 = L
p
X/ ker(R), ‖u+ ker(R)‖E1 = ‖Ru‖LpX ,
then in view of proposition 1.1
(E0, E1)θ,1 →֒ E,
is equivalent to the existene of a onstant C > 0 suh that
‖u‖E ≤ C ‖u‖θ,1,
for all u ∈ (E0, E1)θ,1.
We are grateful to S. Geiss who pointed out the onnetion to general interpo-
lation
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2. Preliminaries
This brief setion will provide notions and tools most frequently used in what
follows.
At rst we will introdue the Haar system supported on dyadi ubes, the no-
tions of Banah spaes with the UMDproperty and type and otype of Banah
spaes. The UMDproperty enables us to introdue Rademaher means in our
norm estimates, so that we may use the subsequent inequalities, that is Kahane's
inequality, Kahane's ontration priniple and Bourgain's version of Stein's mar-
tingale inequality.
Then we turn to Figiel's shift operators Tm ating on all of the Haar system,
where Tm is bounded by a onstant multiple of
log(2 + |m|), m ∈ Zn.
Very roughly speaking this result due to T. Figiel is obtained by partitioning all of
the dyadi ubes into log(2+|m|) olletions and bounding Tm by a onstant on eah
of the olletions. We will have to onsider Tm ating only in one diretion (assume
m2 = . . . = mn = 0) on the Haar spetrum of ertain ring domain operators Sλ,
λ ≥ 0, and it turns out that Tm restrited to this spetrum is uniformly bounded
by a onstant, as long as 0 ≤ m1 ≤ 2
λ − 1.
The Haar System.
First we onsider the olletion of dyadi intervals at sale j ∈ Z
Dj =
{
[2−jk, 2−j(k + 1)[ : k ∈ Z
}
,
and the olletion of all dyadi intervals
D =
⋃
j∈Z
Dj .
Now dene the L∞normalized Haar system
h[0,1[(t) = 1[0, 12 [(t)− 1[ 12 ,1[(t), t ∈ R
and for any I ∈ D
hI(t) = h[0,1[
( t− inf I
|I|
)
, t ∈ R.
In arbitrary dimensions n ≥ 2 one an obtain a basis for Lp(Rn) as follows. For
any ε = (ε1, . . . , εn) ∈ {0, 1}n, ε 6= 0 dene
h
(ε)
Q (t) =
n∏
i=1
hεiIi (ti),
where t = (t1, . . . , tn) ∈ Rn, Q = I1 × · · · × In, |I1| = . . . = |In|, Ii ∈ D , and by h
εi
Ii
we mean
hεiIi =
{
hIi εi = 1
1Ii εi = 0
Note that the former basis is supported on retangles R, but the latter basis is
supported on dyadi ubes Q.
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Banah Spaes with the UMDProperty.
By Lp(Ω, µ;X) we denote the spae of funtions with values in X , Bohner
integrable with respet to µ. If Ω = Rn and µ is the Lebesgue measure | · | on Rn,
then set LpX(R
n) = Lp(Rn, | · |;X), if unambiguous abbreviated as LpX .
We say X is a UMD spae if for any Xvalued martingale dierene sequene
{dj}j ⊂ Lp(Ω, µ;X) and any hoie of signs εj ∈ {−1, 1} one has∥∥∑
j
εj dj
∥∥
Lp(Ω,µ;X)
≤ Up(X)
∥∥∑
j
dj
∥∥
Lp(Ω,µ;X)
. (2.1)
A Banah spae X is said to be of type T, 1 < T ≤ 2, respetively of otype C,
2 ≤ C < ∞ if there are onstansts A(T, X) > 0 and B(C, X) > 0, suh that for
every nite set of vetors {xj}j ⊂ X we have∫ 1
0
∥∥∑
j
rj(t)xj
∥∥
X
dt ≤ A(T, X)
(∑
j
‖xj‖
T
X
)1/T
, (2.2)
respetively ∫ 1
0
∥∥∑
j
rj(t)xj
∥∥
X
dt ≥ B(C, X)
(∑
j
‖xj‖
C
X
)1/C
, (2.3)
where {rj}j is an independent sequene of Rademaher funtions.
It is well known that if X is a UMDspae, then for every 1 < p < ∞ the
LebesgueBohner spae LpX has (nontrivial) type and otype. Sine inequal-
ity (2.2) holds for T = 1, respetively inequality (2.3) with C = ∞, even if X does
not have the UMDproperty, one often refers to T = 1 as trivial type, respetively
to C =∞ as trivial otype.
Kahane's Inequality.
Given 1 ≤ p <∞, there exists a onstant Kp suh that for any Banah spae X
and any nite sequene {xj} ⊂ X holds that(∫ 1
0
∥∥∥∑
j
rj(t)xj
∥∥∥p
X
dt
)1/p
≤ Kp
∫ 1
0
∥∥∥∑
j
rj(t)xj
∥∥∥
X
dt, (2.4)
where {rj}j denotes an independent sequene of Rademaher funtions.
Kahane's Contration Priniple.
For any Banah spae X , 1 < p <∞, nite set {xj} ⊂ X and bounded sequene
of salars {cj} holds true∫ 1
0
∥∥∥∑
j
rj(t) cj xj
∥∥∥p
X
dt ≤ sup
j
|cj |
p
∫ 1
0
∥∥∥∑
j
rj(t)xj
∥∥∥p
X
dt, (2.5)
where {rj}j denotes an independent sequene of Rademaher funtions.
The Martingale Inequality of Stein  Bourgain's Version.
The vetorvalued version of Stein's martingale inequality states that if (Ω,F, µ)
is a probability spae, F1 ⊂ . . . ⊂ Fm ⊂ F is an inreasing sequene of σalgebras,
f1, . . . , fm ∈ Lp(Ω, µ;X) and r1, . . . , rm are independent Rademaher funtions,
then∫ 1
0
∥∥ m∑
i=1
ri(t) E(fi|Fi)
∥∥
Lp(Ω,µ;X)
dt ≤ C
∫ 1
0
∥∥ m∑
i=1
ri(t) fi
∥∥
Lp(Ω,µ;X)
dt, (2.6)
where C depends on p and X . The Banah spae X having the UMDproperty
assures C <∞.
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Figiel's Shift Operators.
The proof of the main result (1.3) makes use of Figiel's shift operators [Fig88℄.
For any m ∈ Zn, and olletion B of ubes Q ⊂ Rn let τm : B → Q
τm(Q) = Q+m sl(Q), (2.7)
where sl(Q) is the sidelength of Q. Preisely, if Q = I1 × . . .× In, with |I1| = . . . =
|In|, then sl(Q) = |I1| = . . . = |In|.
The map τm indues the rearrangement operator Tm, as the linear extension of
TmhQ = hτm(Q), Q ∈ B. (2.8)
Let X be a UMD spae, then the theorem of T. Figiel bounds the shift operator
Tm ating on L
p
X by
‖Tm : L
p
X → L
p
X‖ ≤ C log(2 + |m|), (2.9)
where C = C(n, p,Up(X)).
The Riesz Transform.
Formally, we dene the Riesz transform Ri0 by
Ri0f = Ki0 ∗ f, (2.10)
Ki0(x) = cn
xi0
|x|n+1
, x = (x1, . . . , xn). (2.11)
Details may be found in [Ste70℄ and [Ste93℄.
Supplementary Denitions.
E = E(n) =
{
ε ∈ {0, 1}n : ε 6= (0, . . . , 0)
}
,
and
Ei0 = Ei0 (n) =
{
ε ∈ {0, 1}n : εi0 6= 0
}
.
For any operator T : LpX → L
p
X , the Haarspetrum is dened by
Q \
{
Q ∈ Q : 〈Tu, h
(ε)
Q 〉 = 0, for all u ∈ L
p
X and ε ∈ E
}
. (2.12)
Given a olletion of sets C , we denote
σ(C ) =
⋂{
A : A is a σalgebra,C ⊂ A
}
,
the smallest σalgebra ontaining C .
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3. The Ring Domain Operator Sλ
Here we dene and study the ring domain operators Sλ, mapping u ∈ L
p
X onto
the bloks lin
{
gQ,λ : Q ∈ Q
}
, eah supported on a ringshaped struture, see
gure 1, from now on referred to as ring domain. The vetorvalued estimates for
these operators onstitute the tehnial main omponent of this paper.
The main result for the ring domain operator is stated in theorem 3.3 on page 14.
3.1. Preparation.
Now we turn to dening ring domains and their orresponding ring domain
operators. Within this setion the supersripts ε are omitted, we assume λ ≥ 0 and
generially denote hQ one of the funtions {h
(ε)
Q }ε6=0.
Let D(Q) be the set of disontinuities of the Haar funtion hQ, then
Dλ(Q) = {x ∈ R
n : dist(x,D(Q)) ≤ C 2−λ diam(Q)}.
First note that
|Dλ(Q)| . 2
−λ |Q|. (3.1)
Now we over the set Dλ(Q) using dyadi ubes E(Q) having diameter
diam(E(Q)) = 2−λ diam(Q),
and all the olletion of those ubes Uλ(Q). More preisely,
Uλ(Q) =
{
E ∈ Q : diam(E) = 2−λ diam(Q), E ∩Dλ(Q) 6= ∅
}
. (3.2)
The pointset Uλ(Q) overed by Uλ(Q) is illustrated by the shaded region in gure 1,
wherein the dashed lines represent the set of disontinuities D(Q).
The ardinality #Uλ(Q) does not depend on the hoie of Q, preisely
#Uλ(Q) ≈ 2
λ(n−1). (3.3)
Now we dene the funtions gQ,λ assoiated to the ring domain Uλ(Q) as
gQ,λ =
∑
E∈Uλ(Q)
hE . (3.4)
The ring domain operator onto lin
{
gQ,λ : Q ∈ Q
}
is then given by:
Sλu =
∑
Q∈Q
〈u, hQ〉 gQ,λ|Q|
−1. (3.5)
Figure 1. Ring domain (shaded region).
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The main tools for analyzing Sλ are on one hand Figiel's shift operators Tm,
m ∈ Zn, dened as linear extension of the map
TmhQ = hQ+m sl(Q),
and on the other hand Bourgain's version of Stein's martingale inequality.
Before beginning to analyze our ring domain operator Sλ, we deompose gQ,λ
into a sum of no more than 3n funtions, well loalised in the viinity of the set of
the disontinuities of the Haar funtion hQ. So for any Q ∈ Q we partition
Uλ(Q) =
3n⋃
i=1
U
(i)
λ (Q),
suh that for all E ∈ U
(i)
λ (Q) holds
U
(i)
λ (Q) ⊂
{
E + j ui : j ∈ Z
}
,
where ui is one of the standard unit vetors of R
n
. This partition indues a splitting
of the bloks gQ,λ into
gQ,λ =
3n∑
i=1
g
(i)
Q,λ.
We denote one of the funtions g
(i)
Q,λ deomposing gQ,λ generially by gQ,λ again,
and we may assume that the support of gQ,λ is aligned orthogonal to e1 ∈ Rn, where
e1 = (1, 0, . . . , 0). We split the operator Sλ aordingly, and denote the operator
aligned orthogonal to e1 by Sλ again. So we have analogously to equation (3.5)
Sλu =
∑
Q∈Q
〈u, hQ〉 gQ,λ|Q|
−1,
with the support of gQ,λ now beeing loalized in the viinity of just one of the 3
faes of D(Q) perpendiular to e1.
Realling (2.8) it is easy to see that for any u =
∑
Q∈Q uQ hQ |Q|
−1 ∈ LpX one
an nd funtions {cQ}Q∈Q, |cQ| = 1 suh that
∑
Q∈Q
cQ uQ hQ |Q|
−1 =
2λ−1∑
m=0
Tme1Sλu =
2λ−1∑
m=0
Smλ u,
where we dened
Smλ u = Tme1Sλu. (3.6)
Preisely, cQ is given by
cQ = hQ ·
2λ−1∑
m=0
Tme1gQ,λ.
Note that the shifted support strips Uλ(Q) of Tme1gQ,λ, 0 ≤ m < 2
λ
over the
whole ube Q (see gure 2 on the next page). So the well known UMDproperty
and Kahane's ontration priniple imply
‖u‖Lp
X
≈
∥∥ ∑
Q∈Q
cQ uQ hQ |Q|
−1
∥∥
Lp
X
=
∥∥ 2λ−1∑
m=0
Smλ u
∥∥
Lp
X
. (3.7)
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Figure 2. The thin bloks gQ,λ with shaded support Uλ(Q) are
shifted to over the whole ube Q.
3.2. Estimates for the Ring Domain Operator.
The next Lemma analyzes the spetrum of Sλ and prepares for the onstrution
of atoms, used later in the martingale estimates for Sλ.
Before we state the lemma, we build up some notation. Let πλ : D → D , and
dene for any I ∈ D
πλ(I) = J,
where the uniquely determined J ∈ D is suh that |J | = 2λ |I| and J ⊃ I. Further-
more let
B ⊂ {I ∈ D : inf I = inf πλ(I)},
suh that for all J,K ∈ B with |J | 6= |K| holds that
|J | ≤
1
4
|K| or |K| ≤
1
4
|J |.
Lemma 3.1. For any λ ≥ 1 let 0 ≤ m ≤ 2λ−1,
τ(I) = I +m |I|, I ∈ D ,
then ∣∣I ∩ λ−1⋃
d=1
⋃
J∈B
|J|=2−d |I|
J ∪ τm(J)
∣∣ ≤ 2
3
|I|,
for all I ∈ B.
Proof. First we laim that for any I ∈ B ∪ τm(B), 1 ≤ d ≤ λ − 1 and J,K ∈ B
with |J | = |K| = 2−d |I| holds
(J ∪ τm(J)) ∩ I 6= ∅ and (K ∪ τm(K)) ∩ I 6= ∅ implies J = K. (3.8)
If we assume this laim does not hold true, then we an nd intervals J 6= K suh
that
(J ∪ τm(J)) ∩ I 6= ∅ and (K ∪ τm(K)) ∩ I 6= ∅.
Sine J 6= K we know from the denition of B that
dist(τm(J), τm(K)) = dist(J,K) ≥ (2
λ − 1) |J |,
INTERPOLATORY ESTIMATE FOR UMDVALUED DIRECTIONAL HAAR PROJECTION 11
onsequently
dist(J ∪ τm(J),K ∪ τm(K)) ≥ (2
λ − 1−m) |J |.
Sine I intersets both J ∪ τm(J) and K ∪ τm(K), we infer
|I| ≥ dist(J ∪ τm(J),K ∪ τm(K)) + 2 |J |
≥ (2λ −m+ 1)) 2−d |I|
≥ (2λ−1 + 1) 2−d |I|
> |I|,
whih is a ontradition. Hene (3.8) holds, wih means that if 1 ≤ d ≤ λ− 1, any
interval I ∈ B ∪ τm(B) intersets at most one of the sets
{J ∪ τm(J) ∈ B : |J | = 2
−d |I|}.
If suh a J exists we denote it by Jd(I) ∈ B, and dene Jd(I) = ∅ otherwise. Note
that for small shift widths m or small J it may happen that Jd(I)∪ τm(Jd(I)) ⊂ I.
Using (3.8) we see that for every I ∈ B ∪ τm(B)
∣∣I ∩ λ−1⋃
d=1
⋃
J∈B
|J|=2−d |I|
J ∪ τm(J)
∣∣ = λ−1∑
d=1
∣∣I ∩ (Jd(I) ∪ τm(Jd(I)))∣∣
≤
λ−1∑
d=1
2 · |Jd(I)|
≤ 2 ·
∞∑
d=1
2−2d |I|
=
2
3
|I|.
The last inequality holds sine for any J,K ∈ B, |J | 6= |K| implies |J | ≤ 14 |K| or
|K| ≤ 14 |J |, thus nishing the proof of the lemma. 
Having veried lemma 3.1 on the faing page, we now turn to prove the following
pointwise estimates for Sλ. There exists a onstant C > 0 suh that
1
C
‖Skλu‖LpX ≤ ‖S
m
λ u‖LpX ≤ C ‖S
k
λu‖LpX , λ ≥ 0, 0 ≤ k,m < 2
λ, u ∈ LpX .
One more we emphazise that these estimates are ruial for the proof of the
main result (1.3).
Proposition 3.2. Let X be a UMD spae, 1 < p < ∞ and n ∈ N. There exists
0 < C < ∞ suh that for any k,m, λ ∈ Z, with λ ≥ 0, 0 ≤ k ≤ 2λ − 1 and
0 ≤ m ≤ 2λ − 1 the estimate
1
C
‖Skλu‖LpX ≤ ‖S
m
λ u‖LpX ≤ C ‖S
k
λu‖LpX (3.9)
holds true for all u ∈ LpX . The onstant C depends on n, p and X, partiularly on
the onstant arising in Stein's martingale inequality.
Proof. In order to show (3.9), we will rst prove
1
C
‖S0λu‖LpX ≤ ‖S
m
λ u‖LpX ≤ C ‖S
0
λu‖LpX , (3.10)
for all λ ≥ 0 and 0 ≤ m ≤ 2λ−1. Exploiting symmetry will also establish
1
C
‖S2
λ−1
λ u‖LpX ≤ ‖S
m
λ u‖LpX ≤ C ‖S
2λ−1
λ u‖LpX , (3.11)
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for all λ ≥ 0 and 2λ−1 − 1 ≤ m ≤ 2λ − 1. One we have (3.10) and (3.11), we
gain (3.9), sine all operators {Smλ }m are uniformly equivalent to S
2λ−1
λ (and to
S
(2λ−1−1)
λ ).
We begin the proof dening
C = {Q ∈ Q : inf
q∈Q
〈q, e1〉 = inf
p∈piλ(Q)
〈p, e1〉}
and the four olletions
B
0
odd
=
⋃
j∈Z
λ−1⋃
k=0
k odd
C ∩D2jλ+k, B
0
even
=
⋃
j∈Z
λ−1⋃
k=0
k even
C ∩D2jλ+k ,
B
1
odd
=
⋃
j∈Z
λ−1⋃
k=0
k odd
C ∩D(2j+1)λ+k, B
1
even
=
⋃
j∈Z
λ−1⋃
k=0
k even
C ∩D(2j+1)λ+k ,
eah generially denoted by B. Apparently C is exately the Haarspetrum of S0λ,
and the olletion B was onstruted suh that we may apply lemma 3.1 on page 10
to its bloks of λ− 1 onseutive levels with every seond sale stripped o.
With B xed we laim the existene of a ltration {Fj}j suh that for every
j ∈ Z and Q ∈ B ∩Qj exists an atom A(Q) of Fj satisfying the inequalities
|A(Q)| ≤ 2 |Q|, |Q ∩ A(Q)| ≥
1
3
|Q|, |τm(Q) ∩ A(Q)| ≥
1
3
|Q|. (3.12)
We shall use an auxiliary argument regarding overlaps of dyadi ubes from dierent
λ − 1bloks, exploiting that ubes from dierent λ − 1bloks are seperated by
at least λ levels. This will beome more obvious when onsidering the following
argument. Let τm be the rightshift operation in diretion e1, preisely
τ(Q) = Q+ 2m sl(Q) e1,
for all Q ∈ Q.
Now for eah Q ∈ B we will dene atoms indutively, beginning at the nest
level of a λ − 1 blok. More preisely, x an arbitrary b ∈ Z suh that for any
Q,Q′ ∈ B with |Q| = 2−b n and |Q′| < |Q| follows |Q′| ≤ 2−λn |Q|. Initially dene
A(Q) = Q ∪ τm(Q), (3.13)
for Q ∈ B ∩Qb. Assume we already onstruted atoms on the sales b, b− 1, . . . , j,
while j − 1 ≥ b− (λ − 1), then dene for all Q ∈ B ∩Qj−1
A(Q) =
(
Q ∪ τm(Q)
)
\
( b⋃
k=j
⋃
M∈B∩Qk
A(M)
)
. (3.14)
Applying lemma 3.1 on page 10 in diretion e1 to the atoms A(Q) ⊂ Q ∪ τm(Q)
inside the blok b, b− 1, . . . , b− (λ− 1) we gain
|Q ∩A(Q)| = |Q| − |Q ∩
b⋃
k=j
⋃
M∈B∩Qk
A(M)| ≥
1
3
|Q|,
and analogously
|τm(Q) ∩ A(Q)| ≥
1
3
|Q|,
whih yields (3.12). Finally we dene the olletion
Aj =
{
A(Q) : Q ∈ B ∩Qj
}
, (3.15)
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and the ltration
Fj = σ
( ⋃
i≤j
Ai
)
. (3.16)
What is left to show is that every A ∈ Aj is an atom for the σalgebra Fj .
To see this we argue as follows. First note that any two atoms are either loalized
in the same λ − 1blok, or are seperated by at least λ levels. If atoms A(Q) and
A(Q′) are in the same λ− 1blok, then they do not interset per onstrution. If
A(Q) and A(Q′) interset and |Q′| ≤ 2−λn |Q|, then sine
A(Q′) ⊂ (Q′ ∪ τm(Q
′)) ⊂ πλ(Q
′)
we have
πλ(Q
′) ∩ A(Q) 6= ∅.
Clearly, A(Q) omprises of ubesK whih are at least as big as πλ(Q
′), so |πλ(Q′)| ≤
|K| and onsequently
A(Q′) ⊂ A(Q).
This means that
⋃
j Aj is a nested olletions of sets, hene every A ∈ Aj is an
atom for the σalgebra Fj .
Now, after all this preparation we are about to nish the proof. Having (3.12) at
hand and knowing that the olletion Aj are atoms for Fj one an nd a onstant
C depending only on the onstants arising in (3.12) suh that
1
C
E
(
(S0λu)j |Fj
)
≤ E
(
(Smλ u)j |Fj
)
≤ C E
(
(S0λu)j |Fj
)
(3.17)
where (S0λu)j and (S
m
λ u)j denote the restrition of the Haar expansion of S
0
λu and
(Smλ u)j to dyadi ubes in Qj , respetively. Furthermore one an see that
(S0λu)j ≤ C E
(
E
(
(S0λu)j |Fj
) ∣∣Qj), (3.18)
and similarly
(Smλ u)j ≤ C E
(
E
(
(Smλ u)j |Fj
) ∣∣Qj). (3.19)
Initially, by the UMDproperty
‖S0λu‖
p
Lp
X
≈
∫ 1
0
∥∥∑
j∈Z
rj(t) (S
0
λu)j
∥∥p
Lp
X
dt,
whih together with Kahane's ontration priniple applied to (3.18) yields
‖S0λu‖
p
Lp
X
.
∫ 1
0
∥∥∑
j∈Z
rj(t) E
(
E
(
(S0λu)j |Fj
) ∣∣Qj)∥∥pLp
X
.
Issuing Stein's martingale inequality (2.6) for the ltration {Qj}j gives
‖S0λu‖
p
Lp
X
.
∫ 1
0
∥∥∑
j∈Z
rj(t) E
(
(S0λu)j |Fj
)∥∥p
Lp
X
,
whih is in view of (3.17) and Kahane's ontration priniple dominated by a on-
stant multiple of ∥∥∑
j∈Z
rj(t) E
(
(Smλ u)j |Fj
)∥∥p
Lp
X
.
This time we apply Stein's martingale inequality to the ltration {Fj}j , and sub-
sequently make use of the UMDproperty to dispose of the Rademaher funtions,
hene
‖S0λu‖
p
Lp
X
.
∫ 1
0
∥∥∑
j∈Z
rj(t) (S
m
λ u)j
∥∥p
Lp
X
≈ ‖Smλ u‖
p
Lp
X
.
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Repeating this argument with S0λ and S
m
λ interhanged and using (3.19) instead
of (3.18) we get the onverse inequality
‖Smλ u‖
p
Lp
X
. ‖S0λu‖
p
Lp
X
,
a fortiori we obtain (3.10), that was
1
C
‖S0λu‖LpX ≤ ‖S
m
λ u‖LpX ≤ C ‖S
0
λu‖LpX ,
for all λ ≥ 0, 0 ≤ m ≤ 2λ−1 and u ∈ LpX , where C depends only on n, p and X .
Observe that due to symmetry we may use the same argument for the operators
Smλ , 2
λ−1 ≤ m ≤ 2λ−1, when we reverse the sign of the shift operation and replae
S0λ by S
2λ−1
λ . Therefore inequality (3.11) holds true
1
C
‖S2
λ−1
λ u‖LpX ≤ ‖S
m
λ u‖LpX ≤ C ‖S
2λ−1
λ u‖LpX ,
for all λ ≥ 0, 2λ−1 − 1 ≤ m ≤ 2λ − 1 and u ∈ LpX , where C depends only on n, p
and X .
Joining the last two inequalities via S2
λ−1
λ (or S
2λ−1−1
λ ) onludes the proof of
the proposition. 
Remark. By symmetry it is easy to see that
‖Smλ : L
p
X → L
p
X‖ ≈ ‖S
2λ−1−m
λ : L
p
X → L
p
X‖
holds true for all 0 ≤ m ≤ 2λ − 1. Unfortunately, this does not help us with our
pointwise estimates.
However, we are now about to prove the main result on ring domain operators
Theorem 3.3. For λ ≥ 0 let Sλ denote the ring domain operator dened by
Sλu =
∑
Q∈Q
〈u, hQ〉 gQ,λ|Q|
−1.
When LpX has otype C(L
p
X), there exists a onstant C > 0 suh that for every
u ∈ LpX and λ ≥ 0
‖Sλu‖Lp
X
≤ C 2−λ/C(L
p
X
) ‖u‖Lp
X
, (3.20)
where the onstant C depends only on n, p, X and C(LpX).
Proof. A simple appliation of Kahane's ontration priniple shows that the esti-
mate holds if we restrit λ to 0 ≤ λ ≤ 1.
So from now on we may assume λ ≥ 2.
For 0 ≤ m ≤ 2λ − 1 we dened in (3.7), the shifted ring domain operators
Smλ u = Tme1Sλu.
Observe that for all u ∈ LpX and 0 ≤ k 6= m ≤ 2
λ − 1{
Q ∈ Q : 〈Skλu, hQ〉 6= 0
}
∩
{
Q ∈ Q : 〈Smλ u, hQ〉 6= 0
}
= ∅. (3.21)
Aording to (3.7) we know
‖u‖Lp
X
≈
∥∥ 2λ−1∑
m=0
Smλ u
∥∥
Lp
X
,
and sine (3.21) enables us to use the otype inequality in LpX we gain
‖u‖Lp
X
&
( 2λ−1∑
m=0
∥∥Smλ u∥∥C(LpX)Lp
X
)1/C(Lp
X
)
.
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Applying the result (3.9) of proposition 3.2 on page 11, whih guarantees that the
operators Smλ , 0 ≤ m ≤ 2
λ − 1 are pointwise normequivalent to Sλ = S0λ, reveals
the end of the proof
‖u‖Lp
X
&
( 2λ−1∑
m=0
∥∥Sλu∥∥C(LpX)Lp
X
)1/C(Lp
X
)
= 2λ/C(L
p
X
)
∥∥Sλu∥∥Lp
X
.

Repeating the proof of theorem 3.3 without proposition 3.2 using Figiel's bound
on shift operators (2.9) diretly, would result in
‖Sλu‖Lp
X
≤ C λα 2−λ/C(L
p
X
) ‖u‖Lp
X
,
where LpX has otype C(L
p
X), and the onstant C depends only on n, p, X and
C(LpX). The exponent 0 < α < 1 is the exponent ourring in Figiel's estimate (2.9).
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4. Estimates for P
(ε)
l and P
(ε)
l R
−1
i0
For any u ∈ LpX with 1 < p <∞ xed, dene P
(ε) : LpX −→ L
p
X by setting
P (ε)u =
∑
Q∈Q
〈u, h
(ε)
Q 〉h
(ε)
Q |Q|
−1. (4.1)
In order to estimate the diretional Haar projetion operator P (ε), we will de-
ompose P (ε) in subsetion 4.1 into a series of mollied operators
∑
l P
(ε)
l , follow-
ing [LMM07℄. Subsequentely, J. Lee, P. F. X. Mueller and S. Mueller used wavelet
expansions to further analyze P
(ε)
l .
However, in this paper P
(ε)
l is deomposed into a series of ring domain operators∑
λ(l) cλ(l)Sλ(l), using martingale methods omplying with UMDspaes.
This is done in setion 4, where all nontrivial estimates for the operators P
(ε)
l
and P
(ε)
l R
−1
i0
are obtained from the inequalities for the ring domain operators Sλ,
analyzed in setion 3.
4.1. Deomposition of P (ε).
We give a brief overview of the LittlewoodPaley deomposition used in [LMM07℄,
and ontinue with further deompositions in subsetion 4.2 and 4.3 suited for the
UMDdomain.
As in [LMM07℄, we employ a ompatly supported, smooth approximation of the
identity, to obtain a deomposition of the diretional projetion P (ε) into a series
of mollied operators
P (ε) =
∑
l∈Z
P
(ε)
l . (4.2)
First we x b ∈ C∞c (]0, 1[
n) suh that∫
b(x) dx = 1, and
∫
xi b(x1, . . . , xi, . . . , xn) dxi = 0, (4.3)
for all 1 ≤ i ≤ n. This an be easily ahieved in the Fourier domain. Let l ∈ Z and
dene
∆lu = u ∗ dl, where dl(x) = 2
lnd(2lx) and d(x) = 2n b(2 x)− b(x). (4.4)
For any u ∈ LpX(R
n) holds that
u =
∑
l∈Z
∆lu, (4.5)
where the series onverges in LpX . Denoting Qj ⊂ Q the olletion of all dyadi
ubes having measure 2−jn, we set
P
(ε)
l u =
∑
j∈Z
∑
Q∈Qj
〈u,∆j+l(h
(ε)
Q )〉h
(ε)
Q |Q|
−1
(4.6)
and observe that by (4.5) for all u ∈ LpX
P (ε)u =
∑
l∈Z
P
(ε)
l u,
where equality holds in the sense of LpX . Setting f
(ε)
Q,l = ∆j+lh
(ε)
Q , if Q ∈ Qj , we
rewrite (4.6) as
P
(ε)
l u =
∑
Q∈Q
〈u, f
(ε)
Q,l〉h
(ε)
Q |Q|
−1. (4.7)
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4.2. The Integral Kernel of P
(ε)
l .
In this subsetion we identify the integral kernel K
(ε)
l of the operator P
(ε)
l and
expand it in its Haar series, exploiting Figiel's martingale approah. At this point
we deviate signiantly from the methods of [LMM07℄.
We intend to use martingale methods on the operators P
(ε)
l , therefore will take
a lose look at their kernels K
(ε)
l ,(
P
(ε)
l u
)
(x) =
∫
K
(ε)
l (x, y)u(y) dy, (4.8)
where
K
(ε)
l (x, y) =
∑
Q∈Q
h
(ε)
Q (x) f
(ε)
Q,l(y) |Q|
−1. (4.9)
Expanding K
(ε)
l aording to Figiel's approah into the series∑
α,β∈{0,1}n
(α,β) 6=0
∑
K,M,Q∈Q :
|K|=|M|
〈h
(ε)
Q , h
(α)
K 〉〈f
(ε)
Q,l, h
(β)
M 〉|K|
−1|M |−1|Q|−1h
(α)
K (x)h
(β)
M (y), (4.10)
we will have to distinguish the following settings for the parameter β:
(1) β 6= 0,
(2) β = 0.
Note that due to the ondition (α, β) 6= 0, ase (2) ertainly implies α 6= 0.
To ease the notation, we will make use of the following onvention. We shall
write hQ, denoting one of the funtions h
(γ)
Q , γ ∈ {0, 1}
n \ {0}, and 1Q for the
harateristi funtion h0Q. We may do so sine the UMDproperty and Kahane's
ontration priniple enable us to interhange equally supported Haar funtions
having zero mean.
Using this notation, then the Figiel expansion (4.10) aording to the two dif-
ferent ases (β 6= 0) and (β = 0, α 6= 0) both read
Kl(x, y) =
∑
M,Q∈Q
〈fQ,l, hM 〉|M |
−1|Q|−1hQ(x)hM (y). (4.11)
This is exatly the Haar expansion of Kl in the yoordinate, atually not so
surprising sine we initially had Haar funtions in the xoordinate (see (4.10)).
Figiel's expansion in R
2n
breaks up the Haar funtions h
(ε)
Q into smaller piees and
reassembles them, subsequently. We might have seen the algebrai form (4.11)
simply by plugging the Haar series of u into the operator P
(ε)
l . However, after a
few purely algebrai manipulations, Figiel's expansion in both oordinates yields
identity (4.11).
Now we present an aurate justiation for identity (4.11). Therefore, we x
β ∈ {0, 1}n \ {0}, α ∈ {0, 1}n and rewrite (4.10)
Kl(x, y) =
∑
K,M,Q∈Q:
|K|=|M|
〈hQ, h
(α)
K 〉 〈fQ,l, hM 〉 |K|
−1|M |−1|Q|−1h
(α)
K (x)hM (y)
=
∑
M,Q∈Q
〈fQ,l, hM 〉 |M |
−1|Q|−1hM (y)
∑
K∈Q:
|K|=|M|
〈hQ, h
(α)
K 〉|K|
−1h
(α)
K (x).
In both ases α = 0 and α 6= 0 the inner sum∑
K∈Q:
|K|=|M|
〈hQ, h
(α)
K 〉 |K|
−1h
(α)
K (x)
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is identially
hQ(x) for all Q and M,
for beeing either the onditional expetation of hQ, or exploiting the orthogonality
of the Haar basis, respetively. Hene we obtain (4.11).
Now let β = 0, whih implies α 6= 0 as noted before, therefore Figiel's expan-
sion (4.10) reads
Kl(x, y) =
∑
K,M,Q∈Q :
|K|=|M|
〈hQ, hK〉 〈fQ,l, 1M 〉 |K|
−1|M |−1|Q|−1 hK(x) 1M (y)
=
∑
M,Q∈Q :
|M|=|Q|
〈fQ,l, 1M 〉 |M |
−1|Q|−1hQ(x) 1M (y).
Evaluating this expansion on the Haar series of u would orrespond to developing
the yomponent of Kl(x, y) in a mean zero Haar series, so we proeed
Kl(x, y) =
∑
K,M,Q∈Q :
|M|=|Q|
〈fQ,l, 1M 〉 〈hK , 1M 〉 |K|
−1|M |−1|Q|−1hQ(x)hK(y)
=
∑
K,Q∈Q
hQ(x)hK(y) |K|
−1|Q|−1
∑
M$K
|M|=|Q|
〈fQ,l, 1M 〉 〈hK , 1M 〉 |M |
−1
=
∑
K,Q∈Q
hQ(x)hK(y) |K|
−1|Q|−1
〈
fQ,l,
∑
M$K
|M|=|Q|
1M 〈hK , 1M 〉 |M |
−1
〉
.
Observe, the inner sum with K and Q xed is the onditional expetation of hK at
a ner sale, hene reproduing hK∑
M$K
|M|=|Q|
1M 〈hK , 1M 〉 |M |
−1 = hK ,
and we gain
Kl(x, y) =
∑
K,Q∈Q
〈fQ,l, hK〉|K|
−1|Q|−1hQ(x)hK(y).
Note that we may lift the restrition |Q| < |K|, sine the sum (4.11) is parametrized
aording to the ratio of the diameters of Q andM in subsetion 4.3, and split using
the triangle inequality.
As a onsequene we may assume the generi expansion (4.11) of the integral
kernel Kl(x, y) in order to estimate Pl.
4.3. Estimates for P
(ε)
l .
After analyzing some basi properties of the mollied Haar funtions f
(ε)
Q,l we
turn to estimating P
(ε)
l , guided by the behaviour of f
(ε)
Q,l, whih is mostly rooted
in the dierent shape of the support of the funtions f
(ε)
Q,l, l ≥ 0 and f
(ε)
Q,l, l ≤ 0,
respetively (ompare the support inlusions in (4.12) and (4.13)).
As indiated before we will dominate eah operator P
(ε)
l by a series of ring
domain operators
P
(ε)
l =
∑
λ(l)
cλ(l) Sλ(l).
INTERPOLATORY ESTIMATE FOR UMDVALUED DIRECTIONAL HAAR PROJECTION 19
We shall make use of the estimates for the ring domain operators Sλ developed in
setion 3.
Before analyzing the operators P
(ε)
l , we want to nd inequalities for the mollied
Haar funtions f
(ε)
Q,l. Let D
(ε)(Q) denote the set of disontinuities of the Haar
funtion h
(ε)
Q , then
D
(ε)
l (Q) = {x ∈ R
n : dist(x,D(ε)(Q)) ≤ C 2−l diam(Q)}.
If l ≥ 0, then ∫
f
(ε)
Q,l(x) dx = 0, supp f
(ε)
Q,l ⊂ D
(ε)
l (Q),
|f
(ε)
Q,l| ≤ C, Lip(f
(ε)
Q,l) ≤ C 2
l (diam(Q))−1,
(4.12)
and if l ≤ 0, we have∫
f
(ε)
Q,l(x) dx = 0, supp f
(ε)
Q,l ⊂ C 2
|l|Q,
|f
(ε)
Q,l| ≤ C 2
−|l|(n+1), Lip(f
(ε)
Q,l) ≤ C 2
−|l|(n+2) (diam(Q))−1.
(4.13)
The dierent behaviour of the funtions f
(ε)
Q,l appearing in the denition of the
Operators P
(ε)
l for dierent signs of l indues the ases l ≥ 0 and l ≤ 0.
4.3.1. Estimates for P
(ε)
l , l ≥ 0.
At rst the operator Pl will be splitted aording to inequalities (4.17), (4.18)
and (4.19) into
Pl = Al +Bl + Cl,
see (4.20). Then we will show that eah of the operators Al, B
∗
l and C
∗
l is domi-
nated by ertain series of ring domain operators, whih are in turn estimated using
the main result on ring domain operators, theorem 3.3. In this manner we gain
inequality (4.24), whih reads
‖Pl : L
p
X → L
p
X‖ ≤ C 2
−l(1− 1
T(L
p
X
)
)
, (4.14)
where the onstant C depends only on n, p, X and T(LpX).
Using identity (4.11) and dropping the supersripts, we rewrite equality (4.8)(
Plu
)
(x) =
∫
Kl(x, y)u(y) dy, (4.15)
where
Kl(x, y) =
∑
Q,M∈Q
〈fQ,l, hM 〉hQ(x)hM (y) |Q|
−1|M |−1. (4.16)
It turns out, that the estimates for the oeients 〈fQ,l, hM 〉 are essentially
determined by the ratio of the diameters of the ubes Q and M .
(1) If diam(Q) ≤ diam(M), using |Dl(Q)| . 2−l |Q| and the boundedness of
fQ,l and hM implies
|〈fQ,l, hM 〉| . 2
−l |Q|, (4.17)
(2) if 2−l diam(Q) ≤ diam(M) < diam(Q), then the measure estimate
|Dl(Q) ∩M | . 2
−l diam(Q) (diam(M))n−1
together with inequality (4.12) yields
|〈fQ,l, hM 〉| . 2
−l diam(Q) (diam(M))n−1, (4.18)
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(3) if diam(M) < 2−l diam(Q), then
|〈fQ,l, hM 〉| . 2
l diam(M)
diam(Q)
|M |, (4.19)
when onsidering Lip(fQ,l) and
∫
hM = 0 in inequality (4.12).
Taking a loser look at the ase diam(Q) ≤ diam(M), we observe that the
oeient 〈fQ,l, hM 〉 vanishes, if the support of fQ,l is ontained in a set where hM
is onstant. More preisely, let {Mi}1≤i≤2n be the immediate dyadi suessors of
M , then if
supp fQ,l ⊂Mi,
for an 1 ≤ i ≤ 2n, we ertainly have
〈fQ,l, hM 〉 = 0.
Now we fous on estimating the operators Pl, with kernel representation (4.16),
that was
Kl(x, y) =
∑
Q,M∈Q
〈fQ,l, hM 〉hQ(x)hM (y) |Q|
−1|M |−1.
The dierent behaviour of the estimates (4.17) to (4.19) for the oeients fQ,l nat-
urally suggests to rearrange the series in Kl aording to the ratio of the diameters
of Q and M . So we split the set of all pairs of dyadi ubes Q ×Q in
Al =
{
(Q,M) : diam(Q) ≤ diam(M)
}
,
Bl =
{
(Q,M) : 2−l diam(Q) ≤ diam(M) < diam(Q)
}
,
Cl =
{
(Q,M) : diam(M) < 2−l diam(Q)
}
,
and dene assoiated kernels
Al(x, y) =
∑
(Q,M)∈Al
〈fQ,l, hM 〉hQ(x)hM (y) |Q|
−1|M |−1,
Bl(x, y) =
∑
(Q,M)∈Bl
〈fQ,l, hM 〉hQ(x)hM (y) |Q|
−1|M |−1,
Cl(x, y) =
∑
(Q,M)∈Cl
〈fQ,l, hM 〉hQ(x)hM (y) |Q|
−1|M |−1.
(4.20)
In the following redution steps for any of the operators Al, Bl and Cl we will
deompose eah operator or its adjoint into a series of ring domain operators.
Redution for Al.
In this ase the ubeM an be bigger than Q. We reall it was mentioned subor-
dinate to inequality (4.17), that the oeients 〈fQ,l, hM 〉 vanish if hM ist onstant
on the support of fQ,l. This setting is illustrated in gure 3 on the faing page.
At rst we parametrize the double series aording to λ, where diam(Q) =
2−λ diam(M),
Alu =
∞∑
λ=0
∑
Q,M∈Q:
sl(Q)=2−λ sl(M)
〈fQ,l, hM 〉hQ uM |Q|
−1|M |−1
=
∞∑
λ=0
Al,λ u.
Observe that with the ratio
diam(Q) = 2−λ diam(M)
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Figure 3. The ring domains (shaded) Ul(Q), Ul(Q
′), Ul(Q
′′),
Ul(Q
′′′) ontained in sets of onstany of the Haar funtion hM
(bold ontinous and dashed lines).
xed and realling denition (3.2) we have
{Q : 〈fQ,l, hM 〉 6= 0} ⊂ {Q : Q ∩Dλ(M) 6= ∅} = Uλ(M).
Using this fat one has the identity
Al,λ u =
∑
M∈Q
uM |M |
−1
∑
Q∈Uλ(M)
〈fQ,l, hM 〉 |Q|
−1 hQ,
hene glaning at (4.17), utilizing the UMDproperty and Kahane's ontration
priniple, we obtain
‖Al,λu‖Lp
X
. 2−l
∥∥ ∑
M∈Q
uM |M |
−1
∑
Q∈Uλ(M)
hQ
∥∥
Lp
X
= 2−l
∥∥ ∑
M∈Q
uM gM,λ |M |
−1
∥∥
Lp
X
.
Applying the triangle inequality, using the above estimate for Al,λ, onsidering the
denition of the ring domain operator (3.5), and invoking theorem 3.3 yields
‖Alu‖Lp
X
≤
∞∑
λ=0
‖Al,λu‖Lp
X
. 2−l
∞∑
λ=0
‖Sλu‖Lp
X
. 2−l
∞∑
λ=0
2−λ/C(L
p
X
) ‖u‖Lp
X
.
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Figure 4. The ubes M , M ′ and M ′′ (shaded) interseting the
ubes E(Q) of Ul(Q) (thin lines).
Evaluating the geometri series we attain the estimate
‖Alu‖Lp
X
≤ C 2−l ‖u‖Lp
X
, (4.21)
where the onstant C depends on n, p, X and C(LpX).
Being aware that with λ ≥ 0 xed, the olletions Uλ(M) are not disjoint as M
ranges over Q but the overlap is bounded by a onstant depending solely on the
dimension n and the onstant appearing in the denition of Dλ(Q), we ould have
partitioned Q in a onstant number of sets, generially denoted by B ⊂ Q, suh
that the Uλ(M) would not have interfered with eah other in the rst plae. Then
one an repeat the argument above, with Q replaed by one of the olletions B.
Redution for Bl.
This setting is visualised in gure 4. Note that the ubesM are now smaller than
Q, but bigger than the building bloks of the ring domain Ul(Q), so 2
−l diam(Q) ≤
diam(M) < diam(Q). We may use inequality (4.18) for estimating 〈fQ,l, hM 〉.
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This time we prefer to analyze B∗l , ertainly with respet to the norm ‖ · ‖LqY ,
where Y = X∗ and 1p +
1
q = 1. As before we rearrange the series to see
B∗l u =
l∑
λ=1
∑
Q,M∈Q:
sl(M)=2−λ sl(Q)
〈fQ,l, hM 〉 |M |
−1hM uQ |Q|
−1
=
∞∑
λ=0
B∗l,λ u.
When restrited to the xed ratio
diam(M) = 2−λ diam(Q),
note that
{M : 〈fQ,l, hM 〉 6= 0} ⊂ {M : M ∩Dl(Q) 6= ∅} = Uλ(Q),
so we an rewrite B∗l,λu as follows:
B∗l,λu =
∑
Q∈Q
uQ |Q|
−1
∑
M∈Uλ(Q)
〈fQ,l, hM 〉 |M |
−1hM .
Taking the norm, utilizing the UMDproperty and applying Kahane's ontration
priniple to (4.18) yields the estimate
‖B∗l,λu‖LqY . 2
−l
∥∥ ∑
Q∈Q
uQ |Q|
−1
∑
M∈Uλ(Q)
hM
∥∥
Lq
Y
= 2−l
∥∥ ∑
Q∈Q
uQ gQ,λ|Q|
−1
∥∥
Lq
Y
.
In view of theorem 3.3 one proeeds
‖B∗l u‖LqY ≤
∞∑
λ=0
‖B∗l,λ u‖LqY . 2
−l
l∑
λ=1
2λ
∥∥Sλu∥∥Lq
Y
. 2−l
l∑
λ=1
2λ(1−1/C(L
q
Y
))
∥∥u∥∥
Lq
Y
,
to onlude this ase, retaining
‖B∗l u‖LqY ≤ C 2
−l/C(Lq
Y
)
∥∥u∥∥
Lq
Y
, (4.22)
where the onstant C depends on n, q and Y .
Redution for Cl.
We may think of the ube M being muh smaller than Q, even smaller than
the building bloks of the ring domain Ul(Q), and we have inequality (4.19) at our
disposal. This is visualised in gure 5 on the following page.
As in the preeeding ase we aim at estimating the adjoint operator C∗l ; so with
Y = X∗ and 1p +
1
q = 1 the usual parametrization leads to
C∗l u =
∞∑
λ=l+1
∑
Q,M∈Q:
sl(M)=2−λ sl(Q)
〈fQ,l, hM 〉 |M |
−1hM uQ |Q|
−1
=
∞∑
λ=l+1
C∗l,λu.
Under the restrition of diam(M) = 2−λ diam(Q) holds that
{M : 〈fQ,l, hM 〉 6= 0} ⊂ {M : M ∩Dl(Q) 6= ∅} ≈ Ul(Q).
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Figure 5. The ubes M , M ′ and M ′′ (shaded) ontained in the
over Ul(Q) (thin lines).
Note that the last equality is not true algebraially, indiated by ≈. This notation
is justied by the UMDproperty and Kahane's ontration priniple, whih enables
us to exhange zero mean Haar funtions, as long as their supports are preserved.
We proeed by applying essentially the same steps as supplied before, now hav-
ing estimate (4.19) at hand. Using the UMDproperty and Kahane's ontration
priniple to (4.19) and∣∣ ∑
M∈Q :M∩Dl(Q) 6=∅
sl(M)=2−λ sl(Q)
hM
∣∣ ≤ ∣∣ ∑
M∈Ul(Q)
hM
∣∣ = |gQ,l|,
we gain
‖C∗l,λu‖LqY . 2
l 2−λ
∥∥ ∑
Q∈Q
uQ gQ,l |Q|
−1
∥∥
Lq
Y
,
thus, the triangle inequality and the above estimate for C∗l,λ yield
‖C∗l u‖LqY .
∥∥Slu∥∥Lq
Y
.
Finally, theorem 3.3 yields
‖C∗l u‖LqY ≤ C 2
−l/C(Lq
Y
), (4.23)
where the onstant C depends only on n, q and Y .
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Summary.
We ombine the inequalities (4.21), (4.22), (4.23), exploit that for Y = X∗ and
1
p +
1
q = 1 holds
(LpX)
∗ = LqY and
1
T(LpX)
+
1
(LqY )
= 1,
to obtain
‖Pl : L
p
X → L
p
X‖ ≤ C 2
−l(1− 1
T(L
p
X
)
)
, (4.24)
where LpX has type T(L
p
X) and the onstant C depends only on n, p, X , partiularly
on T(LpX) and C(L
p
X).
Very seperate reasons, that was the speial shape of the support of fQ,l on the
one hand, and the onstany of the Haar funtion hM exploiting the zero mean of
fQ,l on the other hand, enabled us to redue the estimates for Pl to ring domain
operators
Sλu =
∑
Q∈Q
uQ gQ,λ |Q|
−1,
where
gQ,λ =
∑
E∈Uλ(Q)
hE , and u =
∑
Q∈Q
uQ hQ |Q|
−1.
4.3.2. Estimates for P
(ε)
l , l < 0.
We want to nd estimates for the remaining sum
P− =
∑
l<0
Pl.
The argument is analogously to the ase l ≥ 0 ompleted in 4.3.1. The splitting of
Q×Q will be aording to the behaviour of 〈fQ, hM 〉 in (4.27) and (4.28), induing
the deomposition of P−. The funtions fQ are dened beneath.
Dropping all supersripts we issue representation (4.9) on page 17 for the kernel
of Pl
Kl(x, y) =
∑
Q∈Q
hQ(x) fQ,l(y) |Q|
−1,
and reall that for Q ∈ Qj
fQ,l = ∆j+lhQ = hQ ∗ dj+l = hQ ∗ (bj+l+1 − bj+l).
Taking the sum over l < 0 yields∑
l<0
fQ,l = hQ ∗ dj
sine liml→∞ bj+l
p.w.
−−→ 0, and so we dene the mollied Haar funtions
fQ = hQ ∗ dj , for all Q ∈ Qj .
For the properties of the mollier dj one might want to take a look at (4.3) and (4.4).
In this way we obtain the kernel K−(x, y) of the operator P−
K−(x, y) =
∑
l<0
Kl(x, y) =
∑
Q∈Q
hQ(x) fQ(y) |Q|
−1.
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In (4.12) on page 19 we observed that for l = 0 there exists a C > 0 so that for
Q ∈ Q ∫
fQ(x) dx = 0, supp fQ ⊂ C ·Q,
|fQ| ≤ C, Lip(fQ) ≤ C (diam(Q))
−1.
(4.25)
Figiel's expansion, the UMDproperty and Kahane's ontration priniple yields
the following generi form of the kernel
K−(x, y) =
∑
M,Q∈Q
〈fQ, hM 〉 |M |
−1|Q|−1hQ(x)hM (y). (4.26)
Again, we need to analyze the properties of the oeients 〈fQ, hM 〉. As in the
preeeding ases, the estimates strongly depend on the ratio of the diameters of Q
and M .
(1) If diam(M) ≤ diam(Q), we make use of
Lip(fQ) ≤ C (diam(Q))
−1,
aording to (4.25) and disover
|〈fQ, hM 〉| . (diam(Q))
−1 (diam(M))n+1, (4.27)
(2) while if diam(M) > diam(Q), one an exploit
|fQ| ≤ C and supp fQ ⊂ C ·Q
to obtain
|〈fQ, hM 〉| . |Q|. (4.28)
The oeient 〈fQ, hM 〉 vanishes if the support of fQ is ontained in a set where
hM is onstant. Preisely, let {Mi}1≤i≤2n be the immediate dyadi suessors of
M , then if
supp fQ ⊂Mi,
for an 1 ≤ i ≤ 2n, we have
〈fQ, hM 〉 = 0.
Hene, for diam(M) > diam(Q) the ubes Q for whih 〈fQ, hM 〉 6= 0 luster in
the viinity of D(M), the set of hM 's disontinuities.
We start the analysis of the Operators P− using the representation (4.26), that
is (
P−u
)
(x) =
∫
K−(x, y)u(y) dy,
and
K−(x, y) =
∑
Q,M∈Q
〈fQ, hM 〉hQ(x)hM (y) |Q|
−1|M |−1.
Driven by (4.27) and (4.28), we split the set of all pairs of dyadi ubes Q ×Q in
A− =
{
(Q,M) : diam(M) ≤ diam(Q)
}
,
B− =
{
(Q,M) : diam(M) > diam(Q)
}
,
and dene the assoiated kernels
A−(x, y) =
∑
(Q,M)∈A
−
〈fQ, hM 〉hQ(x)hM (y) |Q|
−1|M |−1,
B−(x, y) =
∑
(Q,M)∈B
−
〈fQ, hM 〉hQ(x)hM (y) |Q|
−1|M |−1,
aordingly.
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Estimates for A−.
In this ase the size of ube M annot exeed that of Q, so we may use inequal-
ity (4.27). We rather want to estimate A∗− than A− itself, therefore Y = X
∗
and
1
p +
1
q = 1. Rearranging the series in A
∗
− aording to the ratio of the diameters of
Q and M yields
A∗−u =
∞∑
λ=0
∑
Q,M∈Q:
sl(M)=2−λ sl(Q)
〈fQ, hM 〉uQ |Q|
−1hM |M |
−1
=
∞∑
λ=0
A∗−,λu.
Taking the norm and applying the triangle inequality to the rst sum
‖A∗−u‖LqY ≤
∞∑
λ=0
∥∥A∗−,λu‖LqY ,
neessitates to estimate A∗−,λ. Utilizing the UMDproperty and Kahane's ontra-
tion priniple (2.5) applied to (4.27), we infer∥∥A∗−,λu∥∥Lq
Y
. 2−λ
∥∥ ∑
Q∈Q
∑
sl(M)=2−λ sl(Q)
M∩(C·Q) 6=∅
uQ |Q|
−1hM
∥∥
Lq
Y
.
For every Q ∈ Q we issue Kahane's ontration priniple on∣∣ ∑
sl(M)=2−λ sl(Q)
M∩(C·Q) 6=∅
hM
∣∣ ≤ |hQ|,
keeping in mind that we would atually need a onstant number of Figiel shifts of
hQ to over the whole support of this sum. Nevertheless, the bound (2.9) allows us
to estimate ∥∥A∗−,λu∥∥Lq
Y
. 2−λ
∥∥ ∑
Q∈Q
uQ |Q|
−1
∑
sl(M)=2−λ sl(Q)
M∩(C·Q) 6=∅
hM
∥∥
Lq
Y
. 2−λ
∥∥u∥∥
Lq
Y
.
To onlude, we string together our estimates, yielding
‖A∗−u‖LpX ≤ C ‖u‖L
p
X
, (4.29)
where the onstant C depends on n, q and Y .
Estimates for B−.
In this setting the size of M does exeed Q.
With the usual parametrization of B− we have
B−u =
∞∑
λ=1
∑
Q,M∈Q:
diam(Q)=2−λ diam(M)
〈fQ, hM 〉hQ |Q|
−1uM |M |
−1
=
∞∑
λ=1
B−,λu.
Restrited to ubes Q,M ∈ Q with
2−λ diam(M) = diam(Q)
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one an see that for all M the following holds true:
{Q : 〈fQ, hM 〉 6= 0} ⊂ {Q : (C ·Q) ∩D(Q) 6= ∅} ⊂ Uλ(M).
Suessively using the UMDproperty, Kahane's ontration priniple applied to (4.28)
and the inlusion above we obtain∥∥B−,λu∥∥Lp
X
.
∥∥ ∑
M∈Q
uM |M |
−1
∑
Q∈Uλ(M)
hQ
∥∥
Lp
X
=
∥∥ ∑
M∈Q
uM gM,λ |M |
−1
∥∥
Lp
X
.
The main result on ring domain operators theorem 3.3 yields
‖B−,λu‖Lp
X
. ‖Sλu‖Lp
X
. 2−λ/C(L
p
X
) ‖u‖Lp
X
,
hene merging our inequalities we attain
‖B−u‖Lp
X
≤ C ‖u‖Lp
X
, (4.30)
where the onstant C depends on n, p, X and C(LpX).
Summary.
Inequality (4.29) and (4.30) together imply the boundedness for the mollied
operator P−
‖P− : L
p
X → L
p
X‖ ≤ C, (4.31)
where the onstant C depends on n, p, X , partiularly on T(LpX) and C(L
p
X).
In the ase l ≤ 0, the shape of the support of the mollied Haar funtion fQ,l is
not a ring domain, opposed to the ase l ≥ 0. So we annot expet to redue our
estimates to ring domain operators in ases where the shape of the support of fQ,l
is ruial. Revisiting the redution to ring domain operators for l ≥ 0, it is lear
that the redution to ring domain operators is feasible for the operator B−, sine
we an still exploit the zero mean of fQ,l on sets where hM is onstant.
4.4. Estimates for P
(ε)
l R
−1
i0
.
In this brief setion we will establish estimates for P
(ε)
l R
−1
i0
, l ∈ Z by reduing
them to estimates for P
(ε)
l . This neessitates that
(
R−1i0
)∗
maps the mollied Haar
funtions f
(ε)
Q,l to funtions k
(ε)
Q,l enjoying similar properties. Due to the algebrai
identity (4.32), this amounts to ontrolling the support of the kQ,l (besides fators
depending on l). Assuming εi0 = 1, one an exploit
supp
(
Ei0 h
(ε)
Q
)
⊂ Q,
provoking the funtions kQ,l,i dened in (4.33) to exhibit the support onditions
asserted in (4.34) and (4.35).
It is a well known fat that one an write the inverse of the Riesz transform as
R−1i0 = Ri0 +
∑
1≤i≤n
i6=i0
Ei0∂iRi, (4.32)
where Ei0 denotes integration with respet to the i0th variable,
Ei0f(x) =
∫ xi0
−∞
f(x1, . . . , xi0−1, s, xi0+1, . . . , xn) ds, x = (x1, . . . , xn).
Now we introdue the family of funtions
k
(ε)
Q,l,i = ∆j+l
(
Ei0∂ih
(ε)
Q
)
, if Q ∈ Qj , (4.33)
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and onsider
P
(ε)
l R
−1
i0
u =
∑
j∈Z
∑
Q∈Qj
〈
Ri0u,∆j+l(h
(ε)
Q )
〉
h
(ε)
Q |Q|
−1
+
∑
1≤i≤n
i6=i0
∑
j∈Z
∑
Q∈Qj
〈
Ei0∂iRiu,∆j+l(h
(ε)
Q )
〉
h
(ε)
Q |Q|
−1.
Sine the Riesz transforms are ontinous mappings, it is obvious that the rst sum
an be treated as in setion 4.3. For the seond sum, we x a oordinate i 6= i0,
rearrange the operators in the salar produt and use the funtions dened in (4.33),
hene∑
j∈Z
∑
Q∈Qj
〈Ei0∂iRiu,∆j+l(h
(ε)
Q )〉h
(ε)
Q |Q|
−1 =
∑
Q∈Q
〈Riu, k
(ε)
Q,l,i〉h
(ε)
Q |Q|
−1.
The ontinuity of the Riesz transforms Ri : L
p
X → L
p
X allows us to estimate the
following simpler type of operator
K
(ε)
l,i u =
∑
Q∈Q
〈u, k
(ε)
Q,l,i〉h
(ε)
Q |Q|
−1.
In order to estimate K
(ε)
l,i we need to analyze the analyti properties of the
funtions k
(ε)
Q,l,i. If l ≥ 0, then∫
k
(ε)
Q,l,i(x) dx = 0, supp k
(ε)
Q,l,i ⊂ D
(ε)
l (Q),
|k
(ε)
Q,l,i| ≤ C 2
l, Lip(k
(ε)
Q,l,i) ≤ C 2
2l (diam(Q))−1,
(4.34)
and for l ≤ 0∫
k
(ε)
Q,l,i(x) dx = 0, supp k
(ε)
Q,l,i ⊂ C 2
|l|Q,
|k
(ε)
Q,l,i| ≤ C 2
−|l|(n+1), Lip(k
(ε)
Q,l,i) ≤ C 2
−|l|(n+2) (diam(Q))−1.
(4.35)
Note that the above properties of k
(ε)
Q,l,i espeially depend on the oordinatewise
vanishing moments of b (4.3), introdued by ∆l in equations (4.4) and (4.6). Fur-
thermore observe the denition of k
(ε)
Q,l,i involves an integration of h
(ε)
Q with respet
to the variable xi0 . Now if εi0 = 1, then Ei0 h
(ε)
Q is ompatly supported in Q, but
if εi0 = 0, then supp
(
Ei0 h
(ε)
Q
)
is unbounded. This urges the dominating Riesz
transform Ri0 to at on a oordinate xi0 for whih P
(ε)
projets onto zero mean
Haar funtions, thus neessitating εi0 = 1.
If we ompare this with the properties (4.12) and (4.13) regarding the funtions
f
(ε)
Q,l, it turns out that the properties oinide if l ≤ 0, and that 2
−l k
(ε)
Q,l,i, satises
the same onditions as f
(ε)
Q,l, if l ≥ 0. Bootstrapping the proofs in setion 4.3, we
note that those arguments where solely depending on the analyti properties (4.12)
and (4.13) of the funtions f
(ε)
Q,l. With regard to (4.34) respetively (4.34), the same
proofs are pratiable with the funtions k
(ε)
Q,l,i, if l ≤ 0, respetively 2
−l k
(ε)
Q,l,i, if
l ≥ 0, replaing fQ,l. Stringing this all together implies the following upper bounds
for the operators K
(ε)
l,i and K
(ε)
−,i, where
K
(ε)
−,i =
∑
l≤0
K
(ε)
l,i .
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Estimate (4.31) implies
‖K
(ε)
−,i : L
p
X → L
p
X‖ ≤ C,
and if l ≥ 0, then using estimate (4.14) on 2−lK
(ε)
l,i yields
‖K
(ε)
l,i : L
p
X → L
p
X‖ ≤ C 2
l/T(Lp
X
),
where the onstant C depends on n, p, X , partiularly on T(LpX) and C(L
p
X).
Obviously, the estimate for the operators P
(ε)
l R
−1
i0
ist just a onstant multiple of
the operator norm of K
(ε)
l,i , so we summarize:
If εi0 = 1, then the following inequalities hold true:
‖P
(ε)
− R
−1
i0
: LpX → L
p
X‖ ≤ C, (4.36)
and for all l ≥ 0
‖P
(ε)
l R
−1
i0
: LpX → L
p
X‖ ≤ C 2
l/T(Lp
X
), (4.37)
where the onstant C depends merely on n, p, X , T(LpX) and C(L
p
X).
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